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SUMMARY

In this paper, some characterizations of discrete and continuous uniform
distributions are presented. These results are based on the conditional
distribution of X, given X+ Y, where X and Y are independent random
variables.
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1. Introduction

Characterizations of distribution have been of considerable interest to many
researchers. Since the uniform distribution is greatly used in several areas
including random number generation in simulational studies and probabilistic
number theory, characterizations of uniform distributions received special
attention over the years. Some of these results may be found in the monographs
of Galambos and Kotz [5] and Kakosyan ef al. [8]. A number of articles dealing
with characterizations of discrete and continuous uniform distributions have
since appeared which are based on order statistics, record values, probabilistic
conditions, etc. Interested readers may refer to the works of Armold and
Meeden [2], Driscoll-[4], Shimizu and Huang [16), Terrell [18], Gupta [6],
Szekely and Mori [17], Abdelhamid [1], Lin (91, 1oy, 11, nz2p,
Nagaraja (13], Danial [3], Nair' and Hitha [14], Too and Lin [19],
Papathanasiou [15] and Kamps [7].

In this paper, some characterizations of both discrete and continuous
uniform distributions are established. These results are based on the conditional
distribution of X, given X+Y, where X and Y are independent random
variables. : :

2. Characterizations of Discrete Uniform Distribution

Theorem 1. Let' S be a set with a binary operation * such that
a*b=a*c=>b=c,VabceS. Let X and Y be independent S-valued
random variables taking the values {s;,8;,...S,) and {sj, s5,..,8% )}
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respectively, such that s; * s’;=k, ¥ i for some k € S. Let X assume each S;

with positive probabilities. Then, the conditional distribution of X given
X*Y =k is same as the uncondmonal distribution of X if and only if Y is

. uniformly distributed.

Proof.

Necessity. First of all, by writing A

P(X=5s;, Y=5")
PX*Y=k)

P(X =s;) P(Y =5")

= TPX+Y =K M

P(X=51X*Y=k) =

and equating to the unconditional probability P(X=s;), it is clear that
P(Y=¢) =P(X*Y = k), Vi which simply implies that Y is uniformly
distributed.

-Sujj‘iciency. If Y is uniformly distributed, then from (1) we have

! P(Y = S'i)
1= Z} P(X=5;1X*Y = k) S PXT Y=
1=
which when used on the right-hand side .of (1) reduces it to P (X =Ss;), proving
the sufficiency.

Example 1. Taking S=R and * as + , we get :

Let X and Y be independent real-valued random variables taking the values
(xl,xz, <Xy yand {k-x;, k- Xy, ..., K = X, } respectively, for some real k.
Let P(X—xi)>0,'\fi. Then, Y is uniformly distributed if and only if the
conditional distribution of X given X + Y = k is same as the unconditional
distribution of X.

Example 2. Taking S=R - {0} and * as x, we get :

Let X and Y be independent real non-zero valued random varjables taking :
.
the values {xj,x,,..,x, )} and LSS X respectively, for some real
Xy %" X%,
non-zero k. Let P (X =x;) >0,V i. Then, Y is uniformly distributed if and only

if the conditional distribution of X given XY = k is same as the unconditional
distribution of X. :
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Theorem 2. Suppose X and Y are independently distributed both taking
the values {0,1,2,...,n ) and that P(X=r)>0,¥r. Then, Y is uniformly
distributed if and only if - ) '

P(X—rIX+Y<n)—P(X—r)(a Br)-\frandB>0 2
Proof. ‘

Necessity. Denoting P (X =r1) by p,, P(Y=1) by q. and P(X+Y<n) by C,
one can write » ‘

PX=r,Y<n-r)
PX+Y<n)

PX = rl'X+YSn)

€)

I

OlF

™M
=

Equating the right-hand side of (3) to p, (o - Br), we immediately get

n-r

Y g;=Cla-Br)

i=0
using which

n-r n-r-1

= 2 qa—,Z q;=CB, ¥r

which sunply implies that Y is umformly dlstnbuted

Sufficiency. If Y is uniformly distributed, then the nght -hand side of (3)is
P (n-r+1)

. C (+1) _ , .

which, when noted to be -of the form p (o —f,) with B > 0, implies the
sufﬁciency '

Theorem 3. Suppose X and Y are independently dlsmbuted both taking
the values {0,1,2,...n} and that P(X—r)>0 Vr Then, Y is uniformly
dJSt]’lbllth if and only if

P(X<rlX+Y<n)=P(X<r) (a BEXIX<r)),¥randf >0
4)
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Proof.

Neces:t"ty. With the notations used in Theorem 2, one can write

P(X<tlX+Y<n)= é >nYq
i =
Similarly, write

P(X<r){a- BE(xlx<r))_aZp,—521p, (©6)
i=0 ’ i=0

Equating the right-hand sides of (5) and (6) and subtracting the results forr -1,
we get

1
E Pr z qu = apr_ﬁrpr
j=0

which, after cancelling p, on both sides and subtracting the result for r+1,
gives q, _, to be a constant, V1. Hence, the necessity.

Sufficiency. If Y is uniformly distributed, the right-hand side of (5) becomes
n-i+1] 1 w« . 1 S
c Z [ n+1 ]‘ c__Z Pi"Cm+1) ; 'Pi

which, when noted to be of the form of the nght -hand side of (6), unphes
the sufficiency.

3. Characterizations of Continuous Uniform (Rectangular) Distribution

In this section, we present some characterizations of rectangular
distribution that are analogues of the results derived in the last section for the
discrete uniform distribution.

Theorem 4. Suppose X and Y are independently distributed over O, a)
and are absolutely continuous with the former having a non- vanishing density.
~ Then, 'Y 'has a rectangular distribution if and only if the conditional distribution
of X given X + Y = a is same as the unconditional distribution of X.

Proof.

Necessiry. Using a suggestive notation, clearly
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£ (x) fy(a — %)

fx,+y(@) @

fxix+y=a® =
If the right-hand side of (7) is equal to the unconditional (densityﬂ of X, viz.,
fx(x), we immediately get

fy (@ —X) = fy, y(a), ¥x |
which simply implies that Y hés a rectangular distribution over (0, a).
Sufficiency. If Y is uniformly distributed over (0,a), then from (7) we have

1

1= —_
a fy,y (@)

fx x4y =a (0) dx=

© ey

which when used on the right-hand side of (7) reduces it to fy(x), proving
the sufficiency. '

Proceeding similarly, one can prove the following theorem which is clearly
an analogue of Theorem 1 for the case of rectangular distribution.

Theorem 5. Let * be a binary operation on a subset S of R such that
a*bz=a*c=>b=c, ¥ a,b,ceS,and further if a € I, an interval of R in S,
then {be Slael,a*xb=k ) is also an interval of R in S. Let X and Y be
independently distributed with X taking values in an interval I in S with a
non-vanishing density and Y taking values in an interval J given by
J={yeSixel,x*y=k) Then, Y has a rectangular distribution over J
in S if and only if the conditional distribution of X given X * Y = k is same
as the unconditional distribution of X.

Remark. We may note that the above theorem may be. stated with R
replaced by any linear space in which intervals can be defined. :

Theorem 6. Suppose X and Y are independently distributed over (0, a)
and are absolutely continuous with the former having a non-vanishing density.
Then, Y has a rectangular distribution if and only if

P(X< xIX+Y<a)=P(X<x) {a-BEXIX<x)},Vxand >0 (8)
Proof. '

Necessity. First of all, one can write

P(X<xIX+Y<a) = | Fy@@a-wdFy@ / [ Fy@a-wdFx ) )
' 0 [
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Similarly, write

P(XSx){a—BE(XIXSx))=J:(a—Bu) dF(u) (10)

Denoting I Fy (a ~u) dFx (u) by C, equating the right-hand sides of (9) and
0 .
(10) gives . » ‘ : o

[ {Fy @=u)- Ca - Bu)y dFy(u) = 0, ¥x
0

which, when differentiated both sides with respect to x, yields
{ Fy (@ —x)-C(a - Bx)} fx(x)=0,¥x

Since fy (x) is non-vanishing, the necessity follows.

Sufficiency. 1f Y is uniformly distributed, Fy (a —u) 'Tu and hence the
right-hand side of (9) becomes '

[ @-v dFy
0 _ aFy(x) — Fx(x) EX X <x)

a —E(X)

[ @-w dry()
0

which, when noted to be of the form of the right-hand side of (8) implies
the sufficiency.
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